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PERIODIC CYCLES OF ATTRACTING FATOU COMPONENTS OF
TYPE C× (C∗)d−1 IN AUTOMORPHISMS OF Cd
JOSIAS REPPEKUS
Abstract. We construct automorphisms of Cd admitting an arbitrary (finite) num-
ber of non-recurrent Fatou components, each biholomorphic to C × (C∗)d−1 and all
attracting to the same fixed point contained in the boundary of each of the compon-
ents. These automorphisms can be chosen such that each Fatou component is invariant
or such that the components are grouped into periodic cycles of any (sensible) com-
mon period. Convergence to the fixed point in these attracting Fatou components is
not tangent to any one complex direction and the whole family of Fatou components
avoids hypersurfaces tangent to each coordinate hyperplane. The construction is a
generalisation of a result by F. Bracci, J. Raissy and B. Stensønes in the spirit of a
generalised Leau-Fatou flower.
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Introduction
When studying the behaviour of iterates of a holomorphic endomorphism F of Cd,
d ≥ 1, one of the basic objects of interest is the Fatou set
F := {z ∈ Cd | {F n}n∈N is normal on a neighbourhood of z}.
A connected component of F is called a Fatou component of F . Let V be a Fatou com-
ponent of F . Then V is invariant, if F (V ) = V . More generally, V is p-periodic for p ∈
N
∗, if F p(V ) = V and F q(V ) 6= V for q < p. In this case we call {V, F (V ), · · · , F p−1(V )}
a p-periodic cycle of Fatou components. A Fatou component V is attracting to P ∈ Cd,
if (F |V )n → P (then in particular F (P ) = P ). A periodic Fatou component V attract-
ing to P is recurrent if P ∈ V and non-recurrent if P ∈ ∂V .
Every recurrent attracting Fatou component of an automorphism of Cd is biholo-
morphic to Cd (this follows from [PVW08], Theorem 2 and the appendix of [RR88]).
For polynomial automorphisms of C2, even non-recurrent attracting periodic Fatou
components are biholomorphic to C2 (by [LP14], Theorem 6 and [Ued86]).
In [BRS], F. Bracci, J. Raissy and B. Stensønes proved the existence of automorph-
isms of Cd with a non-recurrent attracting invariant Fatou component biholomorphic to
C× (C∗)d−1. In particular this provided first examples of automorphisms of C2 with a
multiply connected attracting Fatou component (those are necessarily non-polynomial
by the previously mentioned results). Based on this, it is easy to construct automorph-
isms of Cd with non-recurrent attracting invariant Fatou components biholomorphic to
Cd−m × (C∗)m for m < d (see Corollary 3).
By [Ued86], Proposition 5.1, attracting Fatou components are Runge and by [Ser55],
for every Runge domain D ⊆ Cd, we have Hq(D) = 0 for q ≥ d. Hence C × (C∗)d−1
has the highest possible degree of non-vanishing cohomology for an attracting Fatou
component. It is an open question whether all non-recurrent attracting invariant Fatou
components of automorphisms are biholomorphic to a product of copies of C and C∗.
To the author’s knowledge it is not even clear these are the only homotopy types that
can occur.
Non-recurrent attracting Fatou components of type Cd appear in parabolic flowers
(generalisations of one-dimensional Leau-Fatou flowers). As such they appear in arbit-
rary finite number around a fixed point and grouped in periodic cycles. The main result
of this paper is that the same can occur for non-recurrent attracting Fatou components
type C× (C∗)d−1:
Theorem 1. Let d, k ∈ N∗. There exist holomorphic automorphisms of Cd possessing
k disjoint, non-recurrent, attracting Fatou components biholomorphic to C × (C∗)d−1,
that are all attracted to the origin O ∈ Cd.
Theorem 2. Let d, k ∈ N∗ and let p ∈ N∗ divide k. There exist holomorphic auto-
morphisms of Cd possessing k/p disjoint p-cycles of non-recurrent, attracting Fatou
components biholomorphic to C× (C∗)d−1, that are all attracted to the origin O ∈ Cd.
As an immediate corollary, we obtain automorphisms with non-recurrent attracting
Fatou components biholomorphic to any product of copies of C and C∗ with admissible
cohomology:
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Figure 1. Decomposition in modulus and argument components for two
local basins B0 and B1 with central curve arg z + argw ≡ 0 in B0
Corollary 3. Let d, k ∈ N∗, p ∈ N∗ divide k, and m < d. Then there exist holomorphic
automorphisms of Cd possessing k/p disjoint p-cycles of non-recurrent, attracting, in-
variant Fatou components biholomorphic to Cd−m × (C∗)m and attracted to the origin.
The automorphisms in Theorems 1 and 2 have, at the origin, the form
(1) F (z1, . . . , zd) = (λ1z
1, . . . , λdz
d)
(
1− (z
1 · · · zd)k
pkd
)
+O(‖z‖l),
where λ1, . . . , λd are of unit modulus, not roots of unity, one-resonant via (λ1 · · ·λd)p = 1
(see Definition 1.1), and such that any subset {λ1, . . . , λd}\{λj}, j = 1, . . . , d is Brjuno,
and l ∈ N is chosen suitably. Germs of this form have k local attracting basins of
the desired homotopy type, and the corresponding global basins turn out to be Fatou
components of type C × (C∗)d−1. The local basins are known in explicit form and
their external geometry becomes apparent in polar decomposition (see Figure 1 for
d = k = 2). The global basins are more abstract, so we don’t know much about
their outer shape, except that they avoid d (germs of) hypersurfaces tangent to the
coordinate hyperplanes. If we omit the assumption that F is an automorphism, the
local properties remain the same and our arguments still show:
Fact 4. If F is an endomorphism of (a neighbourhood of 0 in) Cd of the form (1), then
each connected component of the global basins mentioned above is a Fatou component.
However in this case we have no control over the topology of the global basins (or
their components).
Outline. The proof of Theorem 1 consists of three steps:
(1) Finding suitable local attracting basins. In Section 1 we consider invertible germs
F at the origin of the form (1) with p = 1. These germs have k local attracting basins of
the desired homotopy type. By jet interpolation, we may choose F such that it extends
to an automorphism of Cd and each local basin is contained in a corresponding global
basin.
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(2) Showing that each global basin is biholomorphic to C× (C∗)d−1. To examine the
internal geometry of each global basin Ω in Section 2 we define a classical global Fatou
coordinate on Ω. By choosing suitable local coordinates for the remaining dimensions,
we show that the Fatou coordinate is in fact a fibre bundle map whose total space Ω is
biholomorphic to C× (C∗)d−1.
(3) Proving that each global basin is a Fatou component. In Section 3 we exploit a
partial linearisation result from [Po¨s86] to reduce the problem to certain F -invariant
subdomains of (D∗)d. There we use detailed estimates on the Kobayashi distance both
between orbits and between components of the same orbit to conclude the proof of
Theorem 1.
After choosing suitable germs in Section 1, the majority of the estimates in [BRS]
work out almost unchanged. The more subtle changes appear when passing from local
to global basins and then to Fatou components, where it is important to ascertain that
no merging of components occurs.
Finally, we derive Theorem 2 and Corollary 3 in Section 4 by demonstrating that F
can be chosen such that it admits a p-th root that suitably permutes the constructed
Fatou components.
Conventions.
(1) Let {xn}n∈N be a sequence of objects. Then we say the object xn has a property
eventually, if there exists n0 ∈ N such that xn has this property for all n > n0.
(2) Aut(Cd) is the set of biholomorphic automorphisms of Cd and Aut(Cd, O) the
set of germs of biholomorphisms of Cd at the origin O such that F (O) = O.
(3) For z ∈ Cd and F ∈ Aut(Cd, O), upper indices denote the components of
z = (z1, . . . , zd), while a lower index n ∈ N denotes the iterated image zn =
(z1n, . . . , z
d
n) := F
n(z) of z under F . Similarly for the coordinates u := pi(z) :=
z1 · · · zd, U := u−k we set un := pi(zn) and Un := u−kn .
1. Local basins of attraction
In this section we recall a class of germs with local basins of the correct homotopy
type and describe their arrangement and their orbits in Cd.
Suitable local basins arise from the study of local dynamics of one-resonant germs in
[BZ13] by F. Bracci and D. Zaitsev.
Definition 1.1. A germ F of endomorphisms of Cd at the origin such that F (O) = O
and dFO = diag(λ1, . . . , λd) is called one-resonant of index α = (α1, . . . , αd) ∈ Nd, if
λj = λ
m1
1 · · ·λmdd for some j ≤ d and m = (m1, . . . , md) ∈ Nd if and only if m = kα+ ej
for some k ∈ N (where ej denotes the j-th unit vector).
We start with germs of biholomorphisms of Cd at the origin in normal form FN given
for z = (z1, . . . , zd) by
(1.1) FN(z) = Λz ·
(
1− (z
1 · · · zd)k
kd
)
,
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that are one-resonant of index (1, . . . , 1) with Λ = diag(λ1, . . . , λd) such that |λj| = 1
for each j ≤ d. We will later moreover assume that proper subsets of {λ1, . . . , λd} are
admissible in the sense of Po¨schel (see Definition 3.3).
An important tool to study the dynamics of these types of maps introduced in [BZ13]
(see also [BRZ13]) is the variable u := pi(z) := z1 · · · zd for z = (z1, . . . , zd) on which FN
acts parabolically of order k at 0 as u 7→ u(1 − uk) + O(u2k+1), yielding a Leau-Fatou
flower of k attracting sectors
Sh(R, θ) :=
{
u ∈ C |
∣∣∣∣uk − 12R
∣∣∣∣ < 12R,
∣∣∣∣arg(u)− 2pihk
∣∣∣∣ < θ
}
for h = 0, . . . , k − 1 and suitable R > 0 and θ ∈ (0, π/2k). Note that each such sector is
biholomorphic via U := u−k to
H(R, θ) := {U ∈ C | ReU > R, |arg(u)| < kθ}.
To control z in terms of u, for β ∈ (0, 1/d) let further
W (β) := {z ∈ Cd | |zj| < |u|β for j ≤ d}
and for h = 0, . . . , k − 1
Bh(R, θ, β) := {z ∈ W (β) | pi(z) ∈ Sh(R, θ)}.
Now from the proof of [BZ13, Theorem 1.1] it follows:
Theorem 1.2. Let FN be a germ of biholomorphisms at O ∈ Cd of the form (1.1). Let
β0 ∈ (0, 1/d) and let l ∈ N, l > 2k + 1 be such that β0(l + d− 1) > k + d+ 1. Then for
every θ0 ∈ (0, π/2k) and for any germ of biholomorphisms F at O of the form
(1.2) F (z) = FN(z) +O(‖z‖l)
there exists R0 > 0 such that the (disjoint, non-empty) open sets Bh := Bh(R0, θ0, β0)
for h = 0, . . . , k − 1 are uniform local basins of attraction for F , that is F (Bh) ⊆ Bh,
and limn→∞ F
n ≡ O uniformly in Bh for each h.
1.1. Geometry. In this section we examine the geometry of the local basins Bh. We
use polar coordinates to visualise their arrangement and and give representations in
some internal holomorphic coordinates we will need later.
For the sake of visualisation and simplicity, let d = 2 and R > 0 sufficiently small.
We will use polar representations of each component. To get a global (real) smooth ar-
gument coordinate, we consider arg to take values in S1 = R/(2piZ), so (arg(z), arg(w))
is a point on the torus T2 = S1 × S1. For R small enough and h ∈ {0, . . . , k − 1}, we
have
Bh = {(z, w) ∈ W (β) | |arg(z) + arg(w)− 2pih/k| < θ},
so Bh is diffeomorphic to a product
{(r1, r2) ∈ R2+ | r
1−β
β
1 < r2 < r
β
1−β
1 } × {(s, t) ∈ T2 | dS1(s+ t, 2pih/k) < θ} ⊆ R2+ × T2.
The modulus component is simply connected and identical for all basins and the argu-
ment component of Bh is a θ-neighbourhood of the central curve s + t ≡ 2pih/k, that
is a “ribbon” winding around the torus T2 (see Figure 1).
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For d > 2, the modulus component W (β) ∩ Rd+ is still simply connected and the
argument component of Bh is a θ-neighbourhood of a central hyperplane in T
d given
by s1 + · · ·+ sd ≡ 2pih/k. For larger R > 0, the basins remain the same close to O and
preserve their homotopy type.
To study the biholomorphic geometry of a basin Bh for h ∈ {0, . . . , k − 1}, we
introduce holomorphic coordinates on Bh adapted to the dynamics of F . Setting w =
(w1, . . . , wd) where wj = zj · · · zd for j = 1, . . . , d, the basin Bh is biholomorphic to
{w ∈ (C∗)d | w1 ∈ Sh(R0, θ0), |wj||w1|−β0 < |wj+1| < |w1|(d−j)β0 for j = 1, . . . , d− 1}.
Since the sector Sh(R0, θ0) is contractible, and for each j given w
1, . . . , wj, the value
of wj+1 is confined to an annulus, this is homotopy equivalent to (S1)d−1, showing
that Bh has the correct homotopy type. It will later be useful to replace u = w
1 by
U = u−k = (w1)−k. Setting w′ = (w2, . . . , wd), each Bh is then biholomorphic to
T (R0, θ0, β0) := { (U,w′) ∈ (C∗)d | U ∈ H(R0, θ0),
|U |(β−1)/k < |w2| < |U |(1−d)β/k,
|wj||U |β/k < |wj+1| < |U |(j−d)β/k for j = 2, . . . , d− 1}.
1.2. Orbit behaviour. In this section, we study the behaviour of orbits in our local
basins. In particular their convergence is not tangent to any complex direction.
The following lemma characterises converging orbits ending up in W (β).
Lemma 1.3. Let F be as in Theorem 1.2. Let β ∈ (0, 1/d) be such that β(l+ d− 1) >
k + 1 and z ∈ Cd such that zn → O as n → ∞. If zn ∈ W (β) eventually, then there
exists a unique h ∈ {0, . . . , k − 1} such that
(1) limn→∞ k
√
nun = exp
(
2πih
k
)
and limn→∞
un
|un|
= exp
(
2πih
k
)
(in particular, |un| ∼
n−1/k),
(2) |zjn| ∼ n−1/kd for j = 1, . . . , d,
(3) for every R′ > 0, θ′ ∈ (0, π/2k), and β ′ ∈ (0, 1/d) with β ′(l + d − 1) > k + 1, we
have zn ∈ Bh(R′, θ′, β ′) eventually.
In particular, zn ∈ Bh eventually, and 1 and 2 are uniform in Bh.
Proof. This Lemma refines the estimates on the coordinate U = u−k in the proof of
Theorem 1.2 in [BZ13], noting that for z ∈ W (β), we have
U1 = U + 1 +O(U
−1, U1−
β(l+d−1)−1
k ).
Proceeding as in [BRS], Lemma 2.5 (replacing u by uk and 1/2 by 1/(kd) as necessary),
we obtain:
1’. limn→∞ nu
k
n = limn→∞
ukn
|un|
k = 1,
2. |zjn| ∼ n−1/kd for j = 1, . . . , d,
3’. For every β ′ ∈ (0, 1/d) with β ′(l+d−1) > k+1, we have zn ∈ W (β ′) eventually.
Hence eventually zn ∈ B0 ∪ · · · ∪Bk−1. But each Bh is F -invariant by Theorem 1.2, so
zn stays in one unique Bh and un stays in the image of the unique branch of the k-th
root centred around exp
(
2πih
k
)
. Therefore we can extract the k-th root from 1’ to get
Part 1. Part 3 then follows from 1, 2 and 3’. 
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Returning to d = 2, Part 2 of Lemma 1.3 shows that in each local basin Bh, conver-
gence in the modulus component is tangential to a line |z| = m|w| for somem ∈ (0,+∞)
and one can show that the argument component accumulates on the whole central curve
s+ t ≡ 2pih/k. So each orbit in Bh converges tangentially to a real 2-dimensional sub-
manifold
{(r1, r2) ∈ R2+ | r1/r2 = m} × {s+ t = 2pih/k}
(wherem depends on the orbit) in the sense that the real directions of the orbit accumu-
late on the whole submanifold. Note that this real submanifold (transversally) intersects
an uncountable one-parameter family of complex directions {r1/r2 = m} × {s− t ≡ δ}
for δ ∈ S1. One can further show that all values of m ∈ (0,+∞) occur.
2. Geometry of the global basins
In this section we show that the global basins corresponding to our local basins of
attraction are biholomorphic to C× (C∗)d−1. To this end we first introduce coordinates
on the local basins that are compatible with the action of F . We then use the dynamics
of F to extend these to an atlas for a fibre bundle with total space C × (C∗)d−1. The
internal geometry is largely analogous to the single component case in [BRS], so we will
often refer to [BRS], Sections 3 and 4 for details.
2.1. Fatou coordinates. Fix h ∈ {0, . . . , k − 1}. To examine the geometry of the
corresponding global basin, we define special coordinates that codify the dynamics on
Bh. The first coordinate ψ is a generalisation of the classical Fatou coordinate in
one dimension and was introduced in [BRZ13, Prop. 4.3]. The additional coordinates
σ2, . . . , σd where introduced in [BRS] to cover the remaining dimensions.
Proposition 2.1. For F and Bh as in Theorem 1.2, there exist holomorphic maps
ψ, σ2, . . . σd : Bh → C∗ such that
ψ ◦ F = ψ + 1 and(2.1)
σj ◦ F = λj · · ·λde−
d−j+1
kdψ · σj for j = 2, . . . , d.(2.2)
Moreover, these maps satisfy
ψ(z) = U + c log(U) +O(U−1) and
σj(z) = w
j +O(uα) for j = 2, . . . , d,
(where u = z1 · · · zd, U = u−k and wj = zj · · · zd for j = 2, . . . , d) for some c ∈ C only
depending on FN and α ∈ (1− β0, 1) ⊆ ((d− 1)/d, 1).
Proof sketch. The maps ψ and σj are obtained as the respective uniform limits of se-
quences {ψm}m∈N and {σj,m}m∈N of maps Bh → C∗ given by
ψm(z) := Um −m+ c log(Um) and
σj,m(z) := (λj · · ·λd)−mwjm exp
(
d− j + 1
kd
m−1∑
p=0
1
ψ(z) + p
)
for j = 2, . . . , d.
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Uniform convergence and the order of the remainder terms arise as in [BRS], Propos-
itions 3.1 and 3.4. The functional equations follow directly from the definition of the
sequences {ψm}m∈N and {σj,m}m∈N. 
The following result ensures that up to shrinking Bh, these maps form a full set of
coordinates.
Proposition 2.2. There exist R1 ≥ R0, θ1 ∈ (0, θ0), and β1 ∈ (β0, 1d) such that the
holomorphic map
φ = (ψ, σ2, . . . , σd) : Bh(R1, θ1, β1)→ (C∗)d
is injective. There further exist R˜ > 1, θ˜ ∈ (0, π/2k), and β˜ ∈ (0, 1/d) such that
(2.3) T (R˜, θ˜, β˜) ⊆ φ(Bh).
Proof sketch. The proof of [BRS], Lemma 3.3 shows injectivity of z 7→ (ψ(z), w2, . . . , wd)
on Bh(R1, θ1, β1) for suitable R1, θ1, and β1. It follows that for each m ∈ N, the
map (ψ, σ2,m, . . . , σd,m) is injective on Bh(R1, θ1, β1). Hence their uniform limit φ =
(ψ, σ2, . . . , σd) is either injective or its Jacobian is identically zero on Bh(R1, θ1, β1). An
analogous computation to [BRS], Proposition 3.5 shows that the Jacobian at (r, . . . , r) ∈
B(R1, θ1, β1) (for r > 0 sufficiently small) is
Jac(r,...,r) φ = 1 +O(r
αd−(d−1))
and since α > d−1
d
, this is non-zero for sufficiently small r > 0. Hence φ is injective on
B(R1, θ1, β1).
The idea to prove (2.3), is to observe that the statement is true for z 7→ (U +
c logU,w2, . . . , wd), and then show that φ is close enough to that map to apply Rouche´’s
theorem to show (2.3) for φ. See [BRS], Proposition 3.5 for details. 
2.2. Global Basins. By jet-interpolation, we may choose F to be a global automorph-
ism of Cd. We then extend the coordinates on Bh from the previous section to the
corresponding global basin to show that it is the total space of a trivial (C∗)d−1-bundle
over C.
We use the following result from [Wei98] and [For99], Corollary 2.2:
Theorem 2.3. For every invertible germ of endomorphisms F0 of C
d at the origin
O and every l ∈ N, there exists an automorphism F ∈ Aut(Cd) such that F (z) =
F0(z) +O(‖z‖l).
For F0 = FN and l ∈ N as in Theorem 1.2, this implies there exist biholomorphisms
of Cd of the form
(2.4) F (z) = FN(z) +O(‖z‖l)
with local attracting basins Bh for h = 0, . . . , k − 1.
Definition 2.4. Let F ∈ Aut(Cd) of the form (2.4). Then for h = 0, . . . , k − 1, the
global basin corresponding to the local basin Bh is
Ωh :=
⋃
n∈N
F−n(Bh)
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and contains all points z ∈ Cd such that F n(z) ∈ Bh eventually.
Remark 2.5. The global basins Ω0, . . . ,Ωk−1 are growing unions of biholomorphic preim-
ages of B0, . . . , Bk−1. As such they are still pairwise disjoint and open, invariant and
attracted to O under F , and homotopy equivalent to (S1)d−1.
To show that these global basins are in fact biholomorphic to C×(C∗)d−1, we wish to
extend the coordinates from the previous section to the global basin via their functional
equations (2.1) and (2.2). Fix h ∈ {0, . . . , k−1}. The Fatou coordinate ψ on Bh extends
to Ωh via
ψˆ(z) := ψ(F n(z))− n
for z ∈ F−n(Bh). The equation (2.2) involves division by ψ(z), so we cannot extend σj
to all of Ωh and instead restrict to Ω
0
h := ψˆ
−1(ψ(Bh)). For z ∈ Ω0h ∩ F−n(Bh), we have
Re ψˆ(z) > 0 and we can set
σˆj(z) = (λj · · ·λd)−n
n−1∏
p=0
(
exp
(
d− j + 1
kdψˆ(F p(z))
))
σj(F n(z))
for j = 2, . . . , d. As in [BRS], Section 4, it follows:
Proposition 2.6. Let H := ψ(Bh) and R˜ > 1, θ˜ ∈ (0, π/2k) as in Proposition 2.2. Then
H(R˜, θ˜) ⊆ H and the map
φˆ := (ψˆ, σˆ2, . . . , σˆd) : Ω
0
h →H× (C∗)d−1
is a well-defined biholomorphism.
For each n ∈ N, further set Hn := H − n (so
⋃∞
n=0Hn = C) and Ωnh := ψˆ−1(Hn).
Then for each n ∈ N, the map
φˆn := (ψˆ, σˆ2 ◦ F n, . . . , σˆd ◦ F n) : Ωnh →Hn × (C∗)d−1
is a fibre preserving biholomorphism and the respective transition functions satisfy
φˆn ◦ φˆ−1n+1(x, y′) = (x, (λ2 · · ·λd)−1e
d−1
kd(x+n)y2, . . . , λ−1d e
1
kd(x+n)yd)
for x ∈ Hn ∩ Hn+1 = Hn and y′ = (y2, . . . , yd) ∈ (C∗)d−1. In particular the transition
functions act by multiplication with an invertible diagonal matrix on each fibre. Hence
ψˆ : Ωh → C is a principal (C∗)d−1-bundle with transition functions in GLd−1(C). By
[For17], Corollary 8.3.3 such a bundle is trivial, showing:
Proposition 2.7. Ωh ≃ C× (C∗)d−1.
3. Global basins are Fatou components
In this section we characterise the global basins Ωh for h = 0, . . . , k−1 in terms of orbit
behaviour and make an additional generic assumption on (λ1, . . . , λd) to apply a partial
linearisation result by Po¨schel in order to use estimates on the Kobayashi distance to
show that each Ωh is equal to its containing Fatou component. This procedure was
introduced in [BRS] as a new technique to identify Fatou components as they found
classical techniques not applicable in this setting.
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Let F ∈ Aut(Cd) of the form (2.4) with global basins of attraction Ωh for h =
0, . . . , k − 1 as in the previous section. Since the sets Ωh are connected and F n → O
locally uniformly in each Ωh, each is contained in a Fatou component V (Ωh). From
Lemma 1.3, we obtain a characterisations of the union Ω0 ∪ · · · ∪Ωk−1 in terms of orbit
behaviour (see [BRS], Corollary 5.1 and Theorem 5.2):
Corollary 3.1. Let F ∈ Aut(Cd) and Ω0, . . . ,Ωk−1 as before. Then for z ∈ Cd with
zn := F
n(z) −−−→
n→∞
O the following are equivalent:
(1) z ∈ Ω0 ∪ · · · ∪ Ωk−1.
(2) zn ∈ W (β) eventually for some/every β ∈ (0, 1/d) with β(l + d− 1) > k + 1.
(3) |z1n| ∼ |z2n| ∼ · · · ∼ |zdn| as n→∞.
In [BRS] the authors pose the question whether this is enough to show that the
connected components Ωh, h = 0, . . . , k − 1 of Ω0 ∪ · · · ∪ Ωk−1 are Fatou components
and give the following example that suggests it is not:
Example 3.2. Let G : C2 → C2, p 7→ 1
2
p. Then the set (C∗)2 is connected, completely
invariant, attracted to O and characterised by 2 and 3, but it is not a Fatou component.
It appears we need one more condition due to [Po¨s86]:
Definition 3.3. We call S ⊆ {λ1, . . . , λd} admissible (w.r.t. {λ1, . . . , λd}), if
−
∑
ν≥0
2−ν log ωS(2
ν) <∞,
where
ωS(m) := min{|µ1 · · ·µr − λi| | µ1, . . . , µr ∈ S, 2 ≤ r ≤ m, 1 ≤ i ≤ d}
for m ∈ N, m ≥ 2.
Morally, this means that non-trivial products of elements in S don’t approximate
any multiplier λi too well. Now, using the partial linearisation result in [Po¨s86], we can
prove:
Theorem 3.4. Let F ∈ Aut(Cd) as in (2.4) such that {λ1, . . . , λd}\{λj} is admissible
for each j = 1, . . . , d. Then Ωh = V (Ωh) for each h ∈ {0, . . . , k − 1}.
Remark 3.5. In the one-resonant setting, a subset of multipliers of the form {λ1, . . . , λd}\{λj}
for j ≤ d is admissible if and only if it is Brjuno (i.e. admissible w.r.t. itself). Hence
the additional assumption of Theorem 3.4 is generic in that it holds for a full Le-
besgue measure subset of choices (λ1, . . . , λd−1) in (S
1)d−1 and λd = (λ1 · · ·λd−1)−1 (see
[Brj73]).
The first ingredient of the proof of Theorem 3.4 is a local change of coordinates:
Lemma 3.6. Let F ∈ Aut(Cd) as in (2.4) such that {λ1, . . . , λd}\{λj} is admissible
for each j = 1, . . . , d. Then there exists a germ of biholomorphisms χ ∈ Aut(Cd, O)
with χ(z) = z +O(‖z‖l) such that
(3.1) F˜ (z˜) := (χ ◦ F ◦ χ−1)(z˜) = Λz˜ +O(z˜1 · · · z˜d).
In particular, F˜ acts as an irrational rotation on each coordinate hyperplane {zj = 0}.
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Proof. Let j ∈ {1, . . . , d}. Then since {λ1, . . . , λd}\{λj} is admissible, by [Po¨s86],
Theorem 1, there exists an injective holomorphic map ϕj : {ζ ∈ Ddδ | ζj = 0} → Cd
such that
F (ϕj(ζ)) = ϕj(Λζ),
whose image can be implicitly written as {zj = ψj(z)}, where ψj(z) = O(‖z‖l) does
not depend on zj . Then χ(z) := z˜ with z˜j := zj − ψj(z) satisfies (3.1) (see [BRS],
Lemma 5.5). 
To make use of the characterisations of Ωh in Corollary 3.1 in these new coordinates,
we need the following (see [BRS] Lemma 5.3):
Lemma 3.7. Let β ∈ (0, 1/d) and l ∈ N such that β(l+d−1) > k+1. For every germ
of biholomorphisms χ ∈ Aut(Cd, O) with χ(z) = z + O(‖z‖l) and every β ′ ∈ (0, β),
there exists ε > 0 such that
χ(W (β) ∩ {‖z‖ < ε}) ⊆W (β ′).
Corollary 3.8. Let F ∈ Aut(Cd) as in (2.4). Then the characterisations of Ωh in
Corollary 3.1 still hold if z is replaced with z˜ = z +O(‖z‖l).
For a complex manifold M , let kM denote its Kobayashi distance. The second in-
gredient of the proof of Theorem 3.4 is the following classical estimate:
Lemma 3.9. For ζ, ξ → 0 in D∗ it holds:
kD∗(ζ, ξ) =
∣∣∣∣log log |ζ |log |ξ|
∣∣∣∣+ o(1).
Proof of Theorem 3.4. Fix h ∈ {0, . . . , k − 1}. Assume there exists q0 ∈ V (Ωh)\Ωh.
Take p0 ∈ Ωh and an open connected neighbourhood U of q0 and p0 such that U ⊆
V (Ωh). Since {F n}n converges uniformly to O on U , there exists n0 ∈ N such that
W :=
⋃
n≥n0
F n(U) ⊆ χ−1(Dd), where χ is as in Lemma 3.6. Since F˜ acts as a rotation
on the coordinate hyperplanes, we have
W˜ := χ(W ) ⊆ Dd∗ := (D\{0})d.
Fix β ∈ (0, 1/d) with β(l + d − 1) > k + 1 and 0 < δ < 1
3
log 1−β
β(d−1)
. Since the
basins Ω0, . . . ,Ωk−1 are pairwise disjoint and open, we can find p ∈ W ∩ Ω and q ∈
W\(Ω0∪· · ·∪Ωk−1) such that kW (p, q) < δ. Let p˜ = χ(p) ∈ Dd∗ and p˜n = (p˜1n, . . . , p˜dn) :=
F˜ n(p˜) = χ(F n(p)) for n ∈ N (and the analogue for q). Then for all n ∈ N and
j ∈ {1, . . . , d}, by non-expansiveness of the Kobayashi distance (under z˜ 7→ z˜j , F˜ n and
χ), we have
(3.2) kD∗(p˜
j
n, q˜
j
n) ≤ kDd∗(p˜, q˜) ≤ kW (p, q) < δ.
Now by Corollary 3.8, for i, j ∈ {1, . . . , d} we have |p˜in| ∼ |p˜jn| as n → ∞, i.e. there
exists C ≥ 1 such that for all n ∈ N we have
C−1|p˜jn| ≤ |p˜in| ≤ C|p˜jn|.
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Since p˜n → 0, Lemma 3.9 then implies
kD∗(p˜
i
n, p˜
j
n) = |log
log |p˜jn|+O(1)
log |p˜jn|
|+ o(1) = o(1).
So there exists N0 ∈ N such that for all n ≥ N0, we have kD∗(p˜in, p˜jn) < δ and by (3.2)
and the triangle inequality,
(3.3) kD∗(q˜
i
n, q˜
j
n) ≤ kD∗(q˜in, p˜in) + kD∗(p˜in, p˜jn) + kD∗(p˜jn, q˜jn) < 3δ.
On the other hand, since qn /∈ Ω0∪· · ·∪Ωk−1 for all n ∈ N, Corollary 3.8 implies that
there are infinitely many n ∈ N such that q˜n /∈ W (β). Hence there exists j ∈ {1, . . . , d}
and a subsequence {nm}m ⊆ N such that for all m ∈ N
|q˜jnm |1/β ≥ |q˜1nm · · · q˜dnm | ≥ (mini 6=j |q˜
i
nm |)d−1|q˜jnm |.
Now there exists i 6= j and a further subsequence still labelled {nm}m such that for all
m ∈ N, we have
|q˜inm| ≤ |q˜jnm |
1−β
β(d−1) .
Since 3δ < log 1−β
β(d−1)
, the estimate from Lemma 3.9 implies that there exists N1 ≥ N0
such that for nm ≥ N1, we have
kD∗(q˜
i
nm , q˜
j
nm) ≥ log
(
log |q˜jnm |
1−β
β(d−1)
log |q˜inm|
)
+ o(1) = log
1− β
β(d− 1) + o(1) > 3δ,
which contradicts (3.3). 
This concludes the proof of Theorem 1.
Remark 3.10. If F is a germ as in (1.2) with admissible multipliers not extending to an
automorphism, we don’t know the geometry of the global basins Ωh =
⋃
n∈N F
−n(Bh).
In particular, Ωh may no longer be connected. However, the arguments in this section
still show that the connected components of Ωh are Fatou components (this shows
Fact 4).
4. Periodic cycles
In this section we prove Theorem 2 by showing that F in Theorem 1 can be chosen
such that it admits a root that suitably permutes its established Fatou components.
Lemma 4.1. Let d, k ∈ N∗ and p ∈ N∗ divide k. Let λ1, . . . , λd be one-resonant with
index (p, . . . , p) and λ1 · · ·λd = ζp := exp(2pii/p). Then for any l ∈ N there exists a
germ F0 ∈ Aut(Cd, O) of the form
F0(z) = (λ1z
1, . . . , λdz
d)
(
1− (z
1 · · · zd)k
dpk
)
+O(‖z‖2dk+1)
such that for all F = F0 + O(‖z‖l), the p-th iterate F p is one-resonant with index
(1, . . . , 1) and has the form
F p(z) = (λp1z
1, . . . , λpdz
d)
(
1− (z
1 · · · zd)k
dk
)
+O(‖z‖l).
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Proof. We use multi-index notation zm := (z1)m1 · · · (zd)md for z ∈ Cd and m ∈ Nd. Let
Λ = diag(λ1, . . . , λd), α = (1, . . . , 1) and
F1(z) = Λz(1 − azαk + bz2αk),
for a, b ∈ C to be chosen later. Arguing by induction, we have
F p1 (z) = Λ
pz
(
1− pazαk + p
(
p− 1
2
a2(1 + dk) + b
)
z2αk
)
+O(‖z‖3dk+1),
so for a = 1
dpk
and b = −p−1
2
a2(1 + dk), we have
F p1 (z) = Λ
pz
(
1− z
αk
dk
)
︸ ︷︷ ︸
F2(z)
+O(‖z‖3dk+1).
Now by [BZ13], Theorem 3.6, there exists a local holomorphic change of coordinates of
the form χ(z) = z(1 +O(‖z‖3dk)) such that
χ ◦ F p1 ◦ χ−1(z) = F2(z) +O(‖z‖l).
The map F1 under this change of coordinates becomes
F0(z) := χ ◦ F1 ◦ χ−1(z) = Λpz(1− azαk + bz2αk +O(‖z‖3dk))
= Λpz(1− azαk) +O(‖z‖2dk+1),
and for any F (z) = F0(z) +O(‖z‖l), we have
F p(z) = F p0 (z) +O(‖z‖l) = F2(z) +O(‖z‖l). 
Let now β0 and l as in Theorem (1.2) and F0 as in Lemma 4.1. Again by Theorem 2.3,
there exists an Automorphism F ∈ Aut(Cd) such that F = F0 +O(‖z‖l). Hence
F p(z) = (λp1z
1, . . . , λpdz
d)
(
1− (z
1 · · · zd)k
dk
)
+O(‖z‖l)
is an automorphism of the form (2.4) and has k invariant, non-recurrent, attracting
Fatou components Ω0, . . . ,Ωk−1 at O each biholomorphic to C×(C∗)d−1 and containing
a corresponding local basin Bh. Hence for each h ∈ {0, . . . , k−1}, Ωh is part of a periodic
cycle of Fatou components for F whose period divides p.
To prove that the period is equal to p take r > 0 sufficiently small such that zr :=
(r, . . . , ζhk r) ∈ Bh for each h ∈ {0, . . . , k − 1}. Then
pi(F (zr)) = ζpζ
h
k r
d
(
1− r
dk
dpk
)d
+O(r2dk+d)
= ζ
h+k/p
k r
d
(
1− r
dk
pk
)
+O(r2dk+d)
and if r is sufficiently small, we have pi(F (zr)) ∈ Sh+k/p(R0, θ0), and hence F (zr) ∈
Bh+k/p (indices modulo k). This shows that F maps Bh to Bh+k/p and hence the period
is equal to p, concluding the proof of Theorem 2.
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To derive Corollary 3, take an Automorphism F of Cm+1 with k/p attracting cycles
of period p from Theorem 2 and set
G : Cd → Cd, (z, w) 7→
(
F (z),
1
2
w
)
for z ∈ Cm+1 and w ∈ Cd−m−1.
Then the w component of {Gn}n∈N is locally uniformly convergent to 0 on all of Cd−m−1,
so any subsequence {Gnℓ}ℓ∈N converges locally uniformly around (z, w) ∈ Cd if and only
if {F nℓ}ℓ∈N does so around z. Thus (z, w) is in the Fatou set of G if and only if z is in
the Fatou set of F and the Fatou components of G are precisely of the form U×Cd−m−1
where U is a Fatou component of F . If U is non-recurrent, p-periodic and attracting
to the origin, then so is U × Cd−m−1.
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